Abstract. This paper describes infinitesimally Dirac groupoids via Dirac bialgebroids. Lie bialgebroids and IM-2-forms, the infinitesimal descriptions of Poisson and presymplectic groupoids, respectively, are special examples of Dirac bialgebroids. We also describe multiplicative distributions on Lie groupoids in this framework and we find new properties of infinitesimal ideal systems.
Introduction
Courant and Weinstein [6] , and independently Dorfman [10] , have introduced the notion of Dirac structure in the late 1980's. Courant and Weinstein were studying work of Littlejohn on the "guiding center of motion" of a particle in a magnetic field [20] . They introduced Dirac structures as a unified approach to presymplectic and Poisson manifolds. Dorfman showed Dirac structures to be useful in the theory of infinite dimensional Hamiltonian systems. Because the theory of Hamiltonian systems with constraints can be well formulated using these objects, they were named after Dirac and his theory of constraints [9] . Poisson and presymplectic manifolds and involutive distributions are the corner cases of Dirac manifolds.
Here we are interested in Dirac groupoids, i.e. Lie groupoids endowed with Dirac structures that are compatible with the multiplication. As in the Lie group case, a geometric structure on a Lie groupoid that is compatible with the multiplication has a counterpart on the Lie algebroid of the groupoid. This counterpart can simply be understood as the differential of the structure, which is a structure of the same type but on the Lie algebroid. In particular, Ortiz has proved in his thesis that the Lie algebroid of a Dirac groupoid is a Dirac algebroid, i.e. a Lie algebroid endowed with an LA-Dirac structure; a Dirac structure that is compatible with the Lie algebroid structure. This defines a bijection between multiplicative Dirac structures on a source simply connected Lie groupoid and LA-Dirac structures on its Lie algebroid.
But we observe in the literature that the infinitesimal counterpart of a multiplicative geometric object is often described as a geometric object of completely different, to some extend more simple, nature. A multiplicative distribution on a Lie group corresponds for instance to an ideal in its Lie algebra [26, 14] . Hence, it would be rather cumbersome to describe infinitesimally a multiplicative distribution on a Lie group as a "morphic" distribution on the Lie algebra.
To illustrate this, let us recall how Poisson and presymplectic groupoids, and multiplicative distributions on Lie groupoids can be infinitesimally described. Weinstein introduced Poisson groupoids as a simultaneous generalization of Poisson Lie groups and symplectic groupoids [28] . He proved that a multiplicative Poisson structure on a Lie groupoid induces a Lie algebroid structure on the dual of the Lie algebroid of the Lie groupoid. Mackenzie and Xu then introduced the notion of Lie bialgebroid to encode the compatibility condition of the pair of Lie algebroids in duality associated to a Poisson groupoid [24] . Then they showed that there is a one-to-one correspondence between source simply connected Poisson groupoids and integrable Lie bialgebroids 1 [25] . Lie bialgebroids describe hence infinitesimally Poisson groupoids. Liu, Weinstein and Xu introduced at the same time the notion of Courant algebroid. With this new notion, one could then define a Lie bialgebroid as a pair of Lie algebroids in duality which are two transverse Dirac structures in a Courant algebroid [21] .
Presymplectic groupoids were originally introduced by Bursztyn, Crainic, Weinstein and Zhu in a work motivated by the integration of Dirac structures twisted by closed 3-forms [3] . In their paper a presymplectic groupoid is a Lie groupoid endowed with a multiplicative closed 2-form satisfying some additional regularity conditions. Since then, the terminology has slightly changed and one often simply calls presymplectic a Lie groupoid with a multiplicative closed 2-form. The infinitesimal description of a presymplectic groupoid is understood as an IM-2-form, i.e. a very particular vector bundle morphism from the Lie algebroid of the groupoid to the cotangent space of the manifold of units [3, 2] .
Infinitesimal ideal systems, the "ideals" in Lie algebroids [17] , are the counterpart of multiplicative distributions [13, 17] . Multiplicative distributions have appeared to be useful as the polarizations in Hawkins' groupoid approach to quantization, and wide multiplicative distributions on Lie groupoids have also been studied in a modern approach to Cartan's work on pseudogroups [8] .
Lie bialgebroids, IM-2-forms and infinitesimal ideal systems seem by nature very different, although Poisson groupoids, presymplectic groupoids and multiplicative distributions on Lie groupoids are three examples of Dirac groupoids. In addition, Lie bialgebroids, IM-2-forms and infinitesimal ideal systems are all known to be equivalent to Dirac algebroids: a Poisson algebroids is equivalent to a Lie bialgebroid [25] , a presymplectic algebroid is equivalent to an IM-2-form [2] , and an infinitesimal ideal system is equivalent to a morphic distribution on a Lie algebroid [13, 17] .
Our goal in this paper is to understand how Lie bialgebroids, IM-2-forms and infinitesimal ideal systems are in fact the corner cases of an infinitesimal description of Dirac groupoids. The results in [15, 16] were worked out towards this infinitesimal description. This paper can be seen as a synthesis of these previous works, with new insights and the new notion of Dirac bialgebroid coming into the picture
Let G ⇒ M be a Lie groupoid with Lie algebroid A. Then the Pontryagin bundle T G ⊕ T * G → G over G has the structure of a Lie groupoid over
The set of units of D seen as a groupoid is a subbundle ι : U ֒→ T M ⊕ A * . It was shown in [16] that U inherits a natural Lie algebroid structure with anchor the projection on T M . The Lie algebroid U is compatible with the Lie algebroid A in a sense that we will identify in this paper. The triple (A, U, ι) is then a Dirac bialgebroid, a new geometrical notion that we define in this paper.
Let (A → M, ρ, [· , ·]) be a Lie algebroid. An A-Manin pair is a Manin pair (C, U ) over M , together with
The triple (A, U, ι), with A and U Lie algebroids and ι : U → T M ⊕ A * an injective morphism of vector bundles such that ρ U = pr T M •ι, is then called a Dirac bialgebroid (over A). Two Dirac bialgebroids (A, U, ι) and (A ′ , U ′ , ι ′ ) are equivalent if A = A ′ and they define the same Lie algebroid ι(U ) = ι ′ (U ′ ) ⊆ T M ⊕ A * with anchor pr T M . Our main theorem is the following: Note also that Dirac homogeneous spaces of a Dirac groupoid (G ⇒ M, D) are classified via Dirac structures in the Courant algebroid defined by the Dirac bialgebroid associated to (G ⇒ M, D) [16] . This extends the classification of Poisson homogeneous of Poisson groupoids (G ⇒ M, π) via a certain class of Dirac structures in the Courant algebroid defined by the Lie bialgebroid associated to (G ⇒ M, π) [22] .
Recall that a Lie bialgebroid (A, A * ) is a pair of Lie algebroids in duality that are two transverse Dirac structures in a Courant algebroid, which we can hence 
is the Dirac bialgebroid corresponding to the Dirac structure defined by the multiplicative presymplectic structure integrating σ (see Section 7.2). The Courant algebroid C is in that case the standard Courant-Dorfman structure on T M ⊕ T * M . Finally consider an infinitesimal ideal system (A, F M , J, ∇), i.e. F M ⊆ T M is an involutive subbundle, J ⊆ A a subbundle such that ρ(J) ⊆ F M and ∇ a flat partial F M -connection on A/J with the following properties:
(
is the Bott connection associated to F M . We show in Section 7.3 that (A, F M , J, ∇) is an infinitesimal ideal system if and only if (A, F M ⊕ J
• , ι) is a Dirac bialgebroid with ι :
. In order to prove this, we construct a natural Lie algebroid structure onĀ := (F M ⊕ A)/ graph(−ρ| J : J → F M ), which existence is equivalent to the quadruple (A, F M , J, ∇) being an infinitesimal ideal system. We find this result interesting in its own right because it is a new manner of "quotienting" an algebroid by an infinitesimal ideal system, as a generalization of the quotient of a Lie algebra by an ideal. In addition, this construction gives some insight on the similar construction of the Courant algebroid associated to an LA-Dirac structure [15] . The ambient Courant algebroid C is in this example the Courant algebroid A ⊕Ā * defined by the Lie bialgebroid (Ā,Ā * ) with trivial structure onĀ * . Note that the two classes (A, A * , (ρ ⋆ , id A * )) and (A, T M, (id T M , σ * )) of Dirac bialgebroids can be seen as extreme cases of Dirac bialgebroids, like Poisson and presymplectic groupoids are the "extreme classes" of Dirac groupoids. In the first class, the interesting information is in the pair (A, A * ) and in the second one, it is rather in the inclusion (id T M , σ
Outline of the paper. Our strategy towards our main theorem is the following. First we recall some background on Dorfman connections and we introduce in Section 3 the notions of A-Manin pairs and Dirac bialgebroids, before showing how they are equivalent. Then we prove in Section 4 that the triple (A, U, ι) Acknowledgements. The author would like to thank K. Mackenzie for useful comments and the equations needed in Section 7.1, as well as C. Ortiz and T. Drummond for stimulating discussions at the beginning of this project.
Preliminaries
2.1. Notation and conventions. In the following, G ⇒ M is always a (Hausdorff) Lie groupoid over the base M . The space of units M is always considered to be a subset of the space G of arrows. The structure maps of our Lie groupoid will always be written (ǫ, s, t, m, i). To simplify the notation, the Lie algebroid
We expect the reader to know the notions of Courant algebroid [21] , Dirac structure [5] , double vector bundle, the construction of the Pontryagin groupoid T G ⊕ T * G ⇒ T M ⊕ A * defined by a Lie groupoid G ⇒ M (see for instance [16] ), and of the Pontryagin algebroid T A ⊕ T * A → T M ⊕ A * defined by a Lie algebroid A (see the appendix of [15] for a detailed description). We will write Tt and Ts : T G ⊕ T * G → T M ⊕ A * for the target and source of the Pontryagin groupoid. The restriction to M of the kernel of Ts can be identified with A ⊕ T * M as follows.
Furthermore, the restriction of Tt to ker(Ts)| M is, via the identification above, the map (ρ, ρ
The Courant Dorfman bracket and the pairing on T G → T * G restrict to right-invariant sections and give rise to the following structure on
satisfies the axioms of a Courant algebroid, except the nondegeneracy of the pairing.
Dorfman connections and dull algebroids.
In the following, an anchored vector bundle is a vector bundle Q → M with a vector bundle morphism ρ Q : Q → T M over the identity. An anchored vector bundle (Q → M, ρ Q ) and a vector bundle B → M are said to be paired if there exists a fiberwise pairing · , · :
for all q ∈ Γ(Q) and ϕ ∈ C ∞ (M ). The triple (B, d B , · , · ) will be called a pre-dual of Q and Q and B are said to be paired by · , · .
In the last definition, the map q, · · d B ϕ is seen as a section of Hom(B, B), i.e. a derivation over 0 ∈ X(M ).
Remark 2.2. Note that if the pairing
is then a dull bracket on Γ(Q) as in the following definition.
Definition 2.3. A dull algebroid is an anchored vector bundle
and (the Leibniz identity)
That is, a dull algebroid is a Lie algebroid if its bracket is in addition skewsymmetric and satisfies the Jacobi identity.
The following example is crucial in this paper.
be a Lie algebroid. The Dorfman connection that is dual to the bracket on Γ(A) is the Lie derivative
(2) Let C be a Courant algebroid and D a Dirac structure in C. The BottDorfman connection
is defined by
(C). This Dorfman connection is compatible with the induced Lie algebroid bracket on D. Modulo the identification
Let A → M be a vector bundle. The vector bundle T M ⊕ A * will always be anchored by the projection pr T M to T M , and paired with A ⊕ T * M via the obvious pairing and the map d A⊕T * M :
We will particularly be interested in Dorfman connections
Assume that a subbundle U ⊆ T M ⊕ A * has a Lie algebroid structure with the anchor pr T M . The Lie algebroid bracket on Γ(U ) can be extended to a dull bracket on T M ⊕ A * . The Dorfman connection ∆ :
and quotients hence to a Dorfman connection
, the Lie derivative associated to the Lie algebroid U . We will say that the Dorfman connection ∆ is an extension of £ U .
A-Manin pairs and Dirac bialgebroids
A Manin pair over a manifold M is a pair (C, U ) of vector bundles over M , where C has the structure of a Courant algebroid and U is a Dirac structure in C [4] . Note first that the anchor ρ of a Lie algebroid A defines a vector bundle morphism (ρ, ρ 
For simplicity, we will write each section of the Courant algebroid C as u ⊕ σ : = u + Φ(σ) ∈ Γ(C) with some u ∈ Γ(U ) and σ ∈ Γ(A ⊕ T * M ).
Remark 3.2. The definition of an A-Manin pair that was first made in [15] is different, but equivalent to this slightly more conceptual one, in the sense that each A-Manin pair as in Definition 3.1 is equivalent to an A-Manin pair as in [15] . In [15] an A-Manin pair is defined to be a Manin pair (C, U ) over M , where
with the anchor c = pr T M ⊕ρ • pr A and the pairing · , · C :
To see that an arbitrary A-Manin pair is equivalent to such an A-Manin pair, it suffices to check that the kernel of the surjection ι + Φ in Definition 3.1 is graph(−(ρ, ρ * )| U • ). It is then easy to check that the pairing must be given by (3.3), and the rest follows.
We show next that an equivalence class of A-Manin pair (C, U ) with structure maps ι, Φ is completely determined by the corresponding equivalence class of Dirac bialgebroid (A, U, ι). By definition, an A-Manin pair determines a unique Dirac bialgebroid (A, U, ι). Consider conversely a Dirac bialgebroid (A, U, ι). The AManin pair defining (A, U, ι) is equivalent to an A-Manin pair (C, U ) as in Remark 3.2. We show that the Courant algebroid bracket is uniquely determined by the Lie algebroid structure on U . Take an extension ∆ :
for X ∈ X(M ), ξ ∈ Γ(A * ), a ∈ Γ(A) and θ ∈ Ω 1 (M ). We define the connection
. We prove that the bracket on Γ(C) is given by
The map D : ) . Then, by the Leibniz property of the Courant algebroid bracket on C, we find
This leads to
and, since σ was arbitrary, we have shown that
We have proved the following proposition: that sends the class of (C, U ) (with structure maps ι, Φ) to the class of (A, U, ι), is a bijection.
The Dirac bialgebroid associated to a Dirac groupoid
We first recall the definition of a Dirac groupoid, as well as some of the properties of these objects. [16] . 
We will show that (A, U, ι) is a Dirac bialgebroid. In order to do this, we describe how an A-Manin pair is naturally associated to a Dirac groupoid (G ⇒ M, D). The Lie algebroid U will be the Dirac structure in this Manin pair.
We write sections of B as pairs u ⊕ σ := u + σ + K t , with u ∈ Γ(U ) and σ ∈ Γ(A ⊕ T * M ). Since (ker Ts) ⊥ = ker Tt relative to the canonical symmetric pairing on
and so the pairing · , · on T G ⊕ T * G restricts and projects to a nondegenerate symmetric pairing on B:
where u = (X, ξ), v = (Ȳ , η), σ = (a, θ) and τ = (b, ω). We then define b :
Here, · , · is the Courant-Dorfman bracket on sections of T G ⊕ T * G. We have proved in [16] 
Proof. By construction, U is a subbundle of T M ⊕
We first show that U is a Dirac structure in B. We identify U with its image under the injective map U → B, u → u ⊕ 0. A dimension count shows that 2 rank(U ) = rank(B), and U is obviously isotropic relative to · , · B . By Theorem 4.3, Γ(U ) is closed under the bracket on Γ(B).
By construction again, we find immediately that the map Φ : A ⊕ T * M → B, σ → 0 ⊕ σ is a morphism of (degenerate) Courant algebroids: it is easy to check that 0 Our goal in this paper is to show that this defines a bijection between source simply connected Dirac groupoids and integrable Dirac bialgebroids.
The following proposition shows that the Lie derivative £ D is right-invariant and projects to the Lie derivative £ U . Note that this is in fact the key feature of a multiplicative Dirac structure, as the fact that the Bott connection corresponding to a multiplicative involutive distribution on a Lie groupoid is right-invariant.
Proposition 4.6. Let (G ⇒ M, D) be a Dirac groupoid.
( 
Proof of Proposition 4.6.
(1) Write σ = (a, θ), with a ∈ Γ(A) and θ ∈ Ω 1 (M ), and d = (X, α), u = (X, ξ). Using Theorem 4.2, we get the equality
. We show that this does not depend on the choice of d over the section u ∈ Γ(U ). If d ′ ∼ t u is an other star section of D over u, then we have
Using this, it is easy to check that
Checking that ∆ is a Dorfman connection is straightforward.
(2) Let v be a section of U and d ′ a star section of D over v. We compute
5. The Lie algebroid of a multiplicative Dirac structure 5.1. Dirac groupoids correspond to Dirac algebroids. Let A be a Lie algebroid. Then the Pontryagin bundle T A ⊕ T * A has the structure of a double vector bundle,
The vector bundle T A ⊕ T * A → A is obviously equipped with a Courant algebroid structure, and the vector bundle T A ⊕ T * A → T M ⊕ A * is equipped with a Lie algebroid structure, which is described in detail in the appendix of [15] . These two structures are compatible and T A ⊕ T * A is an LA-Courant algebroid. (LA-Courant algebroids are defined in [19] . An alternative, perhaps more handy definition in terms of representations up to homotopy will be presented in [18] .)
Definition 5.1. A Dirac algebroid is a Lie algebroid A endowed with a Dirac structure D
We also say that D A is an LA-Dirac structure on A. It is in fact a sub double Lie algebroid of the LA-Courant algebroid (T A ⊕ T * A; A, T M ⊕ A * ; M ). Ortiz shows in [27] that modulo a canonical isomorphism 
and a ∈ Γ(A), where, for simplicity, we write a for (a, 0) ∈ Γ(A ⊕ T * M ).
satisfies Ω * a = −Ω a . Proof. The proof is just a computation:
for u, v ∈ Γ(U ) and a ∈ Γ(A).
Remark 5.3.
(1) By the proof of Proposition 4.6, we have
is tensorial, and so a section of Hom(T M ⊕
We compute the linear and core sections of the Lie algebroid
where ε > 0 is so that Exp(ta)(m) is defined for all t ∈ (−ε, ε). Here, L Exp(ta) is the left multiplication by the bisection Exp(ta). In the same manner, given
We define the linear and core sections a l , σ
where the sum is just in the fiber over (v m , ξ m ) of
We next find out which a ∈ Γ(A) and c ∈ Γ(Hom(T M ⊕ A * , A ⊕ T * M )) lead to a section α a,c that restricts to a section of A(D) on U . Choose u m ∈ U , a star-section d ∈ Γ(D), d ∼ t v, defined in a neighborhood of m ∈ M and compute:
Since This corollary will allow us to describe in the next section D A = I(A(D)) in terms of the Lie algebroid U .
Infinitesimal description of Dirac algebroids and conclusion

Dorfman connections and the Pontryagin algebroid T A⊕T
* A → T M ⊕ A * associated to a Lie algebroid A → M . We need here to summarize some results that were proved in [15] . Let q : A → M be a vector bundle with a Lie algebroid structure. As we already mentionned in the previous section, the space T A ⊕ T * A has the structure of a double vector bundle:
The vertical vector bundle is the Pontryagin bundle T A ⊕ T * A of A seen as a manifold, and the horizontal projection is defined by
For any section (X, ξ) of T M ⊕ A * , there exists a unique section (X, ξ) of L such that Π A • (X, ξ) = (X, ξ) • q. We have proved in [15] the existence of a unique Dorfman connection
The correspondence between linear splittings as above and Dorfman connections
is a bijection [15] . We consider sub double vector bundles
The intersection of such a sub double vector bundle D with the vertical space V ⊕V
• always has constant rank on A and there is a subbundle
, see for instance [23] . The Dorfman connection ∆ is then said to be adapted to D and the double vector subbundle D is completely encoded by the triple (U, K, ∆). Conversely, given a Dorfman connection and two subbundles U ⊆ T M ⊕ A * and K ⊆ A ⊕ T * M , then the sub double vector bundle D U,K,∆ is spanned by k ∈ Γ(K) and u for all u ∈ Γ(U ). By the results in [15] , if D is a Dirac structure D A over A, then K = U
• and an adapted Dorfman connection ∆ must satisfy ∆ u k ∈ Γ(K) for all u ∈ Γ(U ) and k ∈ Γ(K). There exists hence a quotient Dorfman connection
This quotient Dorfman connection does not depend on the choice of the adapted Dorfman connection for D A . The linear Dirac structure D A is then equivalent to the pair (U,∆). The Dorfman connection∆ is in fact dual to a Lie algebroid structure (pr T M , [· , ·] U,DA ) on U . We conclude that the whole information about D A is contained in the Lie algebroid U .
Let us go back to our linear splitting L and the corresponding Dorfman connection. Since L is linear, there is also for each section a ∈ Γ(A) a unique section
for any choice of section (X, ξ) ∈ Γ(T M ⊕ A * ) such that (X, ξ)(m) = (v m , ξ m ), or in other words by Ψ ∈ Γ(Hom(T M ⊕ A * , A ⊕ T * M )) (see [15] ). We do not need to define this core section here, but only to remark that if ∆ was adapted to a sub double vector bundle D, then the set of sections of D → U is spanned as a C ∞ (U )-module by the sections Σ a | U and k † | U for all a ∈ Γ(A) and k ∈ Γ(K). If D = D A is an LA-Dirac structure, then the construction in Remark 3.2 defines an A-Manin pair (C, U ), with U endowed with the Lie algebroid structure (pr T M , [· , ·] U,DA ) found above. Hence, the triple (A, U, ι), with ι the inclusion of U in T M ⊕ A * , is a Dirac bialgebroid. Hence, we have the following proposition. The canonical isomorphism I : A(T G ⊕ T * G) → T A ⊕ T * A of double vector bundles can quickly be described as follows. The linear section α a,c for a ∈ Γ(A) and c ∈ Γ(Hom(T M ⊕ A * , A ⊕ T * M )) is sent by I to (T a, R(dℓ a )) − c † (using the notation of [15] ). In particular, the image of α a,Ω(·,a) is Σ a . The image under I of the core section σ ↑ is σ † . As a consequence, any extension ∆ of the Dorfman connection Hence, it does make sense to say that a Dirac bialgebroid (A, U, ι) is integrable if the Lie algebroid A integrates to a source-simply connected Lie groupoid.
We will show in the next section how the infinitesimal descriptions of Poisson groupoids, presymplectic groupoids and multiplicative distributions on Lie groupoids are special cases of Theorem 6.4.
6.3. "Concrete" integration recipe. For the convenience of the reader, let us finally sketch quickly how a Dirac groupoid is reconstructed from an integrable Dirac bialgebroid (A, U, ι).
Step 1: Let (G ⇒, M ) be the source-simply connected Lie groupoid integrating the Lie algebroid A [7] and identify U with the Lie algebroid U ≃ ι(U ) ⊆ T M ⊕ A * with anchor pr T M and such that (ρ, ρ
Step 2: Extend the bracket on Γ(U ) to a dull bracket on T M ⊕ A * , i.e. using the Leibniz identity, but possibly loosing the skew-symmetry and the Jacobi identity. This dull bracket is dual to a Dorfman connection ∆ :
Step 3: Take the double vector subbundle (
Step 4: The space D A is an LA-Dirac structure on A, which corresponds by the results in [27] to a multiplicative Dirac structure D on G ⇒ M .
Examples
We describe in this section the A-Manin pairs and Dirac bialgebroids in the special cases of Poisson groupoids, presymplectic groupoids, multiplicative distributions on Lie groupoids and Dirac Lie groups. The reader will notice that there is some redundancy in each of the examples. For instance, the Lie bialgebroid encoding a Poisson groupoid is now replaced by the pair of dual algebroids together with an inclusion of A * in T M ⊕ A * (not the trivial one). On the other hand, the examples show that Lie bialgebroids, IM-2-forms and infinitesimal ideal systems are the corner cases of Dirac bialgebroids, just as Poisson structures, presymplectic structures and distributions are the corner cases of Dirac structures. 7.1. Poisson groupoids. The infinitesimal description of a Poisson groupoid (G ⇒ M, π) is known to be its Lie bialgebroid (A, A * ) [24, 25] . In that case, our Dirac bialgebroid is (A,
. That is, A * is identified with the graph of its anchor ρ ⋆ . The A-Manin pair defining this Dirac bialgebroid is (A ⊕ A * , A * ), where A ⊕ A * → M is the Courant algebroid defined by the Lie bialgebroid [21] . (Note that we have already shown in [16] that the Courant algebroid B defined by the Dirac groupoid (G ⇒ M, π) is, up to an isomorphism, A ⊕ A * .) The map Φ :
* being a Courant algebroid is equivalent to (A, A * ) being a Lie bialgebroid. By definition of the Courant bracket, the subbundle A * is then automatically a Dirac structure in A ⊕ A * . The surjectivity and pairing conditions for the A-Manin pair are then obvious. The compatibility of Φ with pairings and anchors follows easily from the equality ρ • ρ * ⋆ = −ρ ⋆ • ρ * , which is always satisfied for Lie bialgebroids. We only have to check that the map Φ preserves the brackets. First, for a, b ∈ Γ(A),
We then have for θ ∈ Ω7.3. Multiplicative distributions. Multiplicative distributions on Lie groupoids are described in [13, 17] (
is the Bott connection associated to F M . The triple (F M , J, ∇) is an infinitesimal ideal system in A.
We will prove the following theorem.
be a connection such that∇ X k ∈ Γ(J) for all k ∈ Γ(J) and X ∈ Γ(F M ), and which thus defines a connection ∇ :
• is endowed with the anchor pr T M and the bracket
First note that F M ⊕ J • is a Lie algebroid with this structure if and only if ∇ is flat. To prove this theorem, we will construct a Manin pair associated to the infinitesimal ideal system.
We have shown in [17] that if the quotients are smooth and ∇ has no holonomy, there is an induced Lie algebroid structure on (A/J)/∇ → M/F M such that the canonical projection A → (A/J)/∇ over M → M/F M is a fibration of Lie algebroids. In the case of a Lie algebra g, an ideal system is just an ideal i, and this quotient is the usual quotient of the Lie algebra by its ideal i. We next show that there is an alternative construction of a quotient Lie algebroid, that simplifies as well to the usual quotient g/i in the Lie algebra case.
The paper [11] shows that an infinitesimal ideal system can alternatively be defined as follows. Let A be a Lie algebroid over the base M , J a subbundle of A and F M an involutive subbundle of T M such that ρ(J) ⊆ F M . Let∇ : X(M ) × Γ(A) → Γ(A) be a connection such that∇ X k ∈ Γ(J) for all k ∈ Γ(J) and X ∈ Γ(F M ), and which thus defines a connection ∇ : Γ(F M ) × Γ(A/J) → Γ(A/J). 7 The triple (F M , J, ∇) is an infinitesimal ideal system if (1) ∇ is flat, (2) ∇ bas a X ∈ Γ(F M ), (3) ∇ bas a k ∈ Γ(J) and 6 We say by abuse of notation that a section a ∈ Γ(A) is ∇-parallel if its classā in Γ(A/J) is ∇-parallel. 7 Conversely, given ∇, there always exists a connection∇ quotienting in this manner to ∇. We say that∇ is an extension of ∇. Consider now the direct sum F M ⊕ A of vector bundles over M . Since the anchor ρ restricts to a map ρ| J : J → F M , the vector bundlē
is endowed with the anchorρ(X ⊕ a) = X + ρ(a). (Given X ∈ Γ(F M ) and a ∈ Γ(A), we write X ⊕ a for the class of (X, a) inĀ. (a 1 , a 2 )X 3 − R∇(X 1 , X 2 )a 3 + c.p. ∈ Γ(J).
The maps A →Ā, a → 0 ⊕ a and F M →Ā, X → X ⊕ 0 are easily seen to be morphisms of Lie algebroids over the identity. Note that the second map is injective. Now, with these considerations, the reader can complete the proof of the following theorem. Note that a Dirac bialgebroid over a point is a triple (g, p, ι : p ֒→ g * ) with g a Lie algebra and ι an injective vector space morphism such that there exists a quadratic Lie algebra m with a Lie algebra morphism Φ : g → m such that (1) Φ has isotropic image, (2) p is a Lagrangian subalgebra of m, (3) Φ(x), ξ = ι(x), ξ for x ∈ g and ξ ∈ p, (4) Φ(g) + p = m.
We let the reader verify that p
• ⊆ g must be an ideal and (g/p • , p) a Lie bialgebra. Hence, simply connected Dirac Lie groups are in one-to-one correspondence with Dirac bialgebroids over points.
